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In this paper, I establish the categorical structure necessary to interpret dependent inductive and 
coinductive types. It is well-known that dependent type theories a la Martin-L6f can be interpreted 
using fibrations. Modem theorem provers, however, are based on more sophisticated type systems 
that allow the dehnition of powerful inductive dependent types (known as inductive families) and, 
somewhat limited, coinductive dependent types. I define a class of functors on fibrations and show 
how data type definitions correspond to initial and hnal dialgebras for these functors. This description 
is also a proposal of how coinductive types should be treated in type theories, as they appear here 
simply as dual of inductive types. Finally, I show how dependent data types correspond to algebras 
and coalgebras, and give the correspondence to dependent polynomial functors. 


1 Introduction 

It is a well-established fact that the semantics of inductive data types without term dependencies can be 
given by initial algebras, whereas the semantics of coinductive types can be given by final coalgebras. 
However, for types that depend on terms, the situation is not as clear-cut. 

Partial answers for inductive types can be found in l|3l[8l|9l[IIl[l4l|T9l|23, where semantics have 
been given for inductive types through polynomial functors in the category of set families or in locally 
Cartesian closed categories. Similarly, semantics for non-dependent coinductive types have been given 
in |[T]|3I3 by using polynomial functors on locally Cartesian closed categories. Finally, an interpretation 
for Martin-Lof type theory (without recursive type definitions) has been given in ETll and corrected 

in da. 

So far, we are, however, lacking a full picture of dependent coinductive types that arise as duals 
of dependent inductive types. To actually get such a picture, I extend in the present work Hagino’s 
idea ifT^ . of using dialgebras to describe data types, to dependent types. This emphasises the actual 
structure behind (co)inductive types as their are used in systems like Agda{^ Moreover, dialgebras allow 
for a direct interpretation of types in this categorical setup, without going through translations into, for 
example, polynomial functors. 

Having defined the structures we need to interpret dependent data types, it is natural to ask whether 
this structure is actually sensible. The idea, pursued here, is that we want to obtain initial and final 
dialgebras from inifial algebras and final coalgebras for polynomial functors. This is achieved by showing 
fhaf fhe dialgebras in fhis work correspond to algebras and coalgebras, and fhaf fheir fixed poinfs can be 
consfrucfed from fixed poinfs of polynomial functors (in fhe sense of ifT^ ). 

* It should be noted that, for example, Coq treats coinductive types differently. In fact, the route taken in Agda with copattems 
and in this work is much better behaved. 
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To summarise, this paper makes the following contributions. First, we get a precise description of 
the categorical structure necessary to interpret inductive and coinductive data types, which can be seen as 
categorical semantics for an extension of the inductive and (copattern-based) coinductive types of Agda. 
The second contribution is a reduction to fixed points of polynomial functors. 

What has been left out, because of space constraints, is an analysis of the structures needed to obtain 
induction and coinduction principles. Moreover, to be able to get a sound interpretation, with respect to 
type equality of dependent types, we need to require a Beck-Chevalley condition. This condition can be 
formulated for general (co)inductive types, but is also not given here. 

Related work As already mentioned, there is an enormous body of work on obtaining semantics for 
(dependent) inductive, and to some extent, coinductive types, see ||3l[n][Il|20l. In the present 
work, we will mostly draw from Q and llT^ . Categorical semantics for basic Martin-Lof type 
theory have been developed, for example, in ifT^ . An interpretation, closer to the present work, is 
given in terms of fibrations by Jacobs ifTTIl . In the first part of the paper, we develop everything on 
rather arbitrary fibrations, which makes the involved structure more apparent. Only in the second 
part, where we reduce data types to polynomial functors, we will work with slice categories, since 
most of the work on polynomial functors in that setting El [121. Last, but not least, the starting idea 
of this paper is of course inspired by the dialgebras of Hagino iflTl . These have also been applied 
to give semantics to induction-induction l|4l schemes. 

Outline The rest of the paper is structured as follows. In Section we analyse a typical example of 
a dependent inductive type, namely vectors, that is, lists indexed by their length. We develop 
from this example a description of inductive and coinductive dependent data types in terms of 
dialgebras in fibrations. This leads to the requirements on a fibration, given in Section that 
allow the interpretation of data types. In the same section, we show how dependent and fibre- 
wise (co)producfs arise canonically in such a sfrucfure, and we give an example of a coinducfive 
fype (parfial sfreams) fhaf can only be freafed in Agda fhrough a cumbersome encoding. The 
reducfion of dependenf dafa fypes fo polynomial funcfors is carried ouf in Secfion and finish 
wifh concluding remarks in Secfion 

Acknowledgement I would like fo fhank fhe anonymous reviewers, who gave very valuable feedback 
and poinfed me fo some more liferafure. 


2 Fibrations and Dependent Data Types 

In Ibis secfion we infroduce dependent data types as initial and final dialgebras of certain funcfors on 
fibres of fibrations. We go fhrough fhis sefup sfep by sfep. 

Lef us sfarf wifh dialgebras and fheir homomorphisms. 

Definition 2.1. Let C and D be categories and F, G : C —)• D functors. An (F, G)-dialgebra is a morphism 
c'.FA^ GA in D, where A is an object in C. Given dialgebras c:FA^ GA and d : FB —)■ GB, a morphism 
/j: A —)■ 5 is said to be a (dialgebra) homomorphism from c to d,ii Gh o c = d o Fh. This allows us to form 
a category DiAlg {F,G), in which objects are pairs (A,c) with A G C and c : FA —)■ GA, and morphisms 
are dialgebra homomorphisms. 

The following example shows that dialgebras arise naturally from data types. 

Example 2.2. Let A be a set, we denote by A” the n-fold product of A, that is, lists of length n. Vectors 
over A are given by the set family VecA = {A”}„gN, which is an object in the category Set^ of families 
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indexed by N. In general, this category is given for a set I by 


Set^ 


objects X = {X,},g/ 

morphisms / = {/,•: X; F,},e/ 


Vectors come with two constructors: nil: 1 —)■ A*’ for the empty vector and prefixing cons„ : A x A” —)■ 
A”+i of vectors with elements of A. We note that nil : {1} —)■ {A°} is a morphism in the category Set^ 
of families indexed by the one-element set 1, whereas cons = {cons„} : {A x A"}„gisj —)• {A”+'}„gf^ is a 
morphism in Set^. 

Let f, G : Set^ —Set^ x Set^ be the functors into the product of Set^ and Set^ with 


F{X) = ({l},{AxX„}„eN) G{X) = ({Xq}, {X„+i}„eN)- 


Using these, we find fhaf (nil,cons) : F(VecA) —)■ G(VecA) is an (F,G)-dialgebra, in facl, if is fhe initial 
{F, G)-dialgebra. 

Definition 2.3. An (F, G)-dialgebra c : FA ^ GA is called initial, if for every (F, G)-dialgebra d : FB — 
GB fhere is a unique homomorphism h from c fo d, fhe inductive extension of d. Dually, (A,c) i& final, 
provided fhere is a unique homomorphism h from any ofher dialgebra {B,d) info c. Here, h is fhe 
coinductive extension of d. 

Having found fhe algebraic sfrucfure underlying vecfors, we confinue by exploring how we can han¬ 
dle fhe change of indices in fhe consfrucfors. If furns ouf fhaf fhis is mosf convenienfly done by using 
fibrafions. 

Definition 2.4. Let F : E — B be a functor, where the E is called the total category and B the base 
category. A morphism / : A —F in E is said to be cartesian over w.l^J, provided that i) Pf = u, and 
ii) for all g : C —)■ F in E and v : PC —)> 1 with Pg = uov there is a unique h :C ^ A such that f oh = g. 
For P to be afibration, we require that for every F G E and u: I ^ PB in B, there is a cartesian morphism 
f ■. A ^ B over u. Finally, a fibration is cloven, if it comes with a unique choice for A and /, in which 
case we denote A by m* F and / by mF, as displayed in the diagram on the right. 

At first sight, this definition is arguably intimidating to someone 
who has never been exposed to fibrations. The idea is that the base 
category B contains as objects the indices of objects in E, and as 
morphisms substitutions. The result of carrying out a substitution on 
indices, is captured by the Cartesian lifting property. Let us illustrate 
this on set families. We define Fam(Set) to be the category 

Fam(Set) = (/.X : / ^ Sel). / a sel 

1 morphisms («,/) : (f,X) —)■ (/,T) with «:/—>/ and {/,•: W —> ■)}(£/ 

in which composition is defined by 



{v,g)o{u,f) = (vou,{Xi A T„(,-) 


A concrete object is the pair (N, VecA), where VecA is the family of vectors from Ex. 2.2 

We define a cloven fibration on set families. Let P : Fam(Set) —)■ Set be the projection on the first 
component, that is, P{I,X) = I and P{u,f) = u. For a family {J,Y) and a function u : I ^ J, we. define 
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u*Y = {Yu{i)}iei and = («, {id : F„(;) . Then, for each (w,g) : {K,Z) {J,Y) andv.K^I 

with w = MOV, we can define the morphism {K,Z) {I,u*Y) to be (v,/i) with : Z^ ^ Yu(v(k)) and 

= 8k^ since u{v{k)) = w{k). 

An important concept is the fibre above an object 7 G B, given by the category 


P/ = 


objects 

morphisms 


A G E with P{A) = 7 
f :A —?■ B with P{f) = id/ 


In a cloven fibration, we can use the Cartesian lifting to define for each w : 7 — 7 in B a functor m* : P/ —?> 
P/, together with natural isomorphisms Idp^ = id{ and u* ov* = (you)*, see ifTTl Sec. 1.4]. The functor 
u* is called reindexing along u. 

Assumption 2.5. We assume all fibrations to be cloven in this work. 

We are now in the position to take a more abstract look at our initial example. 

Example 2.6. First, we note that the fibre of Fam(Set) above 7 is isomorphic to Set^. Let then z : 1 — )• N 
and 5 : N —)• N be z(*) = 0 and s(n) = n-h 1, giving us reindexing functors z* : Set^ —)■ Set^ and s* : 
Set^ —)• Set^. By their definition, z*(X) = {Xq} and 5*(X) = {X„+i}„gN, hence the functor G, we used 
to describe vectors as dialgebra, is G = (z*,^*). In Sec.[^ we address the structure of F. 

We generalise this situation to account for arbitrary data types. 

Definition 2.7. Let F : E — B be a fibration. A (dependent) data type signature, parameterised by a 
category C, is a pair (F, u) consisting of 

• a functor F : C x P/ —)• D with D = P/* for some n G N and 7/.,7 G B, and 

• a family uofn morphisms in B with m/; : 7/: —)• 7 for k = 1,..., n. 

A family u as above induces a functor («{,...,«*) : P/ —)• D, which we will often denote by G„. This 
will enable us to define data types for such signatures, but let us first look at an example for the case 
C = 1, that is, if F : P/ — D is not parameterised. 

Example 2.8. A fibration F : E —)■ B is said to have dependent coproducts and products, if for each 
/ : 7 — 7 in B there are functors and from P/ to Py that are respectively left and right adjoint to 
/*. For eachX G P/, we can define a signature, such that ]J^(X) and n/(^) arise as data types for these 
signatures, as follows. Define the constant functor 


Kx-Vj^ Pi Kx{Y) = X Kx{g) = id^. 

Then {Kx,f) is the signature for coproducts and products. For example, the unit rj of the adjunction 
U/ H/* will be the initial (Fy, /*)-d ialgebra rjx : ^x(L[/(^)) using that Fy (]Jy(X)) = 

X. We come back to this in Ex. 12.101 □ 

To define data types in general, we allow them to have additional parameters, that is, we allow 
signatures (F, u), where F : C x P/ —)> D and C is a non-trivial category. Let us first fix some notation. We 
put F(F, —)(F) = F(V,X) for F G C, which is a functor P/ —)• D. Assume that the initial (F(F, —),G„)- 
dialgebra ay ■ F(F,<I>y) —> G„(<J>y^and final (Gm,F(F, — ))-dialgebra ■ Gi,{D.y) —> F{V,D.y) exist. 
Then we can define functors p{F,Gu) : C —)• P/ and v{Gu,F) : C —)• P/, analogous to ITSl . by 

p{F,Gu){V) = ^y F{F,Gu)if ■.V^w) = (awoF(/,ido^)r 

v(^„,F)(F) = fly v{Gu,F){f ■.V^W) = (F(/,idn,) o ^yj^ , 
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where the bar and tilde superscripts denote the inductive and coinductive extensions, that is, the unique 
homomorphism given by initiality and finality, respectively. The reason for the notation /r(F,G„) and 
v{Gu,F) is that these are initial and final dialgebras for the functors 

[C,P/]^[C,D] F{H)=Fo{\dc,H) = 


on functor categories. That the families ay and are natural in V follows directly from the definition of 
the functorial action as (co)inductive extensions. Hence, they give rise to dialgebras a: F(/r(F,G„)) 
G,,{pl{F,^ u)) and § : Gu{v{K^,F)) ^ F(v(^,F)). 

Definition 2.9. Let (F, u) be a data t^e signature. An inductive data type (IDT) for (F, u) is an initial 
(F,G„)-dialgebra with carrier /r(F,G„). Dually, a coinductive data type (CDT) for (F,n) is a final 
(Gm,F)- dialgebra, note the order, with the carrier being denoted by v(G„,F). If C = 1, we drop the hats 
from the notation. 


Example 2.10. We turn the definition of the product and coproduct from Ex. 2.8 into actual functors. The 
observation we use is that the projection functor tti : P/ x Pj —)> P/ gives us a “parameterised” constant 
functor: = 7ri(A, —). If we are given / : 7 —)■ 7 in B, then we use the signature (tti,/), and define 

]Jj = /r (TTi, /*) and fl f ^ (/* > ) • We check the details of this definition in Thm. 


3.2 


3 Data Type Completeness 

We now define a class of signatures and functors that should be seen as categorical language for, what is 
usually called, strictly positive types ||3l, positive generalised abstract data types 0411 or descriptions JH 
H- Note, however, that none of these treat coinductive types. A non-dependent version of strictly positive 
types that include coinductive types are given in fJi 

Let us first introduce some notation. Given categories Ci and C 2 and an object A G Ci, we denote by 
Fjj ‘ : Cl —)> C 2 the functor mapping constantly to A. The projections on product categories are denoted, 
as usual, by : Ci x C 2 —)• Ck- Using these notations, we can define what we understand to be a data 
type by mutual induction. 

Definition 3.1. A fibration F : E — )■ B is data type complete, if all IDTs and CDTs for strictly positive 
signatures {F,u) G exist, where ^S^is given by the following rule. 

D = nJLlP7,- E G ^CxP/^D U = {u\ \ J\ ^ I,. . . ,Un'. Jfi^ 1) 

{F,u) G ^CxPj^D 

The functors in ^ are given by the following rules, assuming that P is data type complete. 


c=nLiP/. 


/ : / —»7 in B Fi G F 2 G ^p^^^Py 

f* G ^y^Py F 2 O Fl G ^Py^Py 


F G ^y^Py,. / = 1,2 

(FUFZ) G ^y^Py^xPy^ 


(F,u) G ytxPj^D (F,u) G =5^CxPy^D 
P'{F,Gu) G ^C^p, v(Gy,,F) G ^c^Py 


This mutual induction is well-defined, as it can be stratified in the nesting of fixed points. 

As a first sanity check, we show that a data type complete fibration has, both, fibrewise and dependent 
(co)products. These are instances of the following, more general, result. 
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Theorem 3.2. Suppose P : E —)• B a data type complete fibration. Let C = Pa:, and n\ : C x P/ —)• C 

be the first projection. IfGu : P/ —C is such that (tti , u) is a signature, then we have the following adjoint 
situation: 

Proof. We only show how the adjoint transposes are obtained in the case of inductive types. Concretely, 
for a tuple V £ C and an object A G P/, we need to prove the correspondence 


/: p{£uGu)(y)^A inP/ 
g : 1/ ^ GuA in C 


Let us use the notation H = p{7t\,Gu), then the choice of 7t\ implies that the initial (7ri,G„)-dialgebra 
is of type a: Idc GuoH, since 7t\{H) = 7t\o (Idc,/f) = Idc and Gu{H) = GuoH. This allows 
us to use as transpose of / the morphism V Gu{H{V)) G„A. As transpose of g, we use the 
inductive extension of 7ti{K^)(y) = V GuA = Gu{K^){V). The proof that this correspondence is 
natural and bijective follows straightforwardly from initiality. For coinductive types, the result is given 
by duality. □ 


This gives fibrewise coproducts by +/ = /r(£i,G„) and products by X/ = v(G„, TTi), using u = 
(id/,id/). Dependent (co)products along f : I ^ J use u = f, see Ex. 2.10 


There are many more examples of data types that exist in a data type complete fibration. We describe 
three fundamental ones. 


Example 3.3. 1. The first example are initial and final objecfs inside fhe fibres P/. Since an inifial 

objecf is characferised by having a unique morphism to every ofher objecf, we define if as an inifial 
dialgebra, namely 0/ = /x(Id,id/). Then fhere is, for each A G P/, a unique morphism !^ : 0/ — )> A 
given as inductive extension of id, 4 . Dually, we define fhe terminal objecf 1/ in P/ fo be v(id/,Id) 
and for each A fhe corresponding unique morphism !a : A —1/ as fhe coinducfive exfension of id, 4 . 

Nofe fhaf fhis also follows from Thm. |3.2[ if we require fhaf (co)inductive dafa fypes also exisf 
if C = 1 (fhe empfy producf) and u = {} (empfy family of morphisms). This allows us fo define 
fhe inifial and final objecf as funcfors 1 —)• P/. 

2. There are several definable nofions of equably, provided fhaf B has binary producls. A generic one 
is propositional equably Eq : P/ —P/x/, the leff adjoin! fo fhe conlracfion functor 5* : P/x/ —P/, 
which is induced by fhe diagonal 5 :/—)■/ x /. Thus if is given by fhe dependenf coproducf 
Eq = L[5 and fhe conslruclor reflx : X —)■ 5*(EqA). 

3. Assume fhaf fhere is an objecf A“ in B of slreams over A, fogelher wilh projeclions to head and 
fail. Then we can define bisimilarily belween slreams as CDT for fhe signalure 


F,Gu : P(a“)2 P(a®)2 X P(a“)2 

F = ((hdxhd)*oi^Eq(^),(tlxfl)*) and n = (idA'»xA“,idA“xA“)• 

Nofe fhaf fhere is a calegory Rel(E) of binary relalions in E by forming fhe pullback of P along 
A : B —B wifh A(/) =1x1, see ifTSl . Then we can reinlerprel F and by 

F, Gu '■ Rel(E)A® —y Rel(E)A® x Re^EjA^ 

F = (hd* o FEq(A) , tf) and = (id^,,,, id^^), 
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where (—)^ is reindexing in Rel(E). The final (G„,F)-dialgebra is a pair of morphisms 

(hd^ : Bisim^ —)■ hd^(Eq(A)),tlA • BisiniA —tl*(BisimA)). 

Bisim^ should be thought of to consist of all bisimilarity proofs. Coinductive extensions yield the 
usual coinduction proof principle, allowing us to prove bisimilarity by establishing a bisimulation 
relation R G Rel(E)^ffl together with h : hd*(Eq(A)) and t : R^ tl^(R), saying that the heads 

of related streams are equal and that the tails of related streams are again related. 

The last example, we give, shall illustrate the additional capabilities of CDTs in the present setup 
over those currently available in Agda. However, one should note that coinductive types in Agda provide 
extra power in the sense that destructors can refer to each other. This is equivalent to having a strong 
coproduct ifTTl Sec. 10.1 and Def. 10.5.2], which we do not require in the setup of this work and thus A 
proof of this equivalence is left out because of space constraints. 

Example 3.4. A partial stream is a stream together with a, possibly infinite, depth up to which it is 
defined. Assume that there is an object N°° of natural numbers extended with infinity and a successor 
map Soo : N°° —)■ N°° in B, we will see how these can be defined below. Then partial streams correspond 
to the following type declaration. 

codata PStr (A : Set) : N°° — )■ Set where 

hd : (n : N“) ^ PStr (s^o n) ^ A 
tl : (n : N“) ^ PStr {soo n) ^ PStr n 

In an explicit, set-theoretic notation, we can define them as a family indexed by n G N“: 

PStr(A)„ = {5 : N ^ A I Vk < n.k G dom^ AVk > n.k 0 dom^}, 

where the order on N" is given by extending that of the natural numbers with 00 as strict top element, 
i.e., such that k < 00 for all k G N. 

The interpretation of PStr (A) for A G Pi in a data type complete fibration is given, similarly to vectors, 
as the carrier of the final (G„,F)-dialgebra, where 

Gu,F : ^ X P^^ G„ = F = m) 

and A = !^=(A) G Pn” is fhe weakening of A using : N°° —>• 1. The idea of this signature is that 
the head and tail of partial streams are defined only on those partial streams that are defined in, at 
least, the first position. On set families, partial streams are given by the dialgebra ^ = (hd,tl) with 
hd„ : PStr(A)(^^„) —> A and tl„ : PStr(A)(^^„) —^ PStr(A)„ for every n G N“. 

We can make this construction functorial in A, using the same “trick” as for sums and products. To 
this end, we define fhe funcfor H : Pi X Ppj-o —^ Pj^.„ X P^- with H = ( In- o TTj, 712 ), where 7ii and 712 
are corresponding projection functors, so that H{A,X) = F{X). This gives, by data type completeness, 
rise to a functor v{Gu,F) : Pn“ —>• Pn°°! which we denote by PStr, together with a pair (hd,tl) of natural 
transformations. □ 

We have seen in the examples above that we would often like to use a data type again as index, which 
means that we need a mechanism to turn a data type in E into an index in B. This is provided by, so 
called, comprehension. 


10 


Dependent Dialgebras 


Definition 3.5 (See ifTTl Lem. 1.8.8, Def. 10.4.7] and flOl ). Let P : E —)• B be a fibration. If each fibre 
P/ has a final objecf 1/ and fhese are preserved by reindexing, fhen fhere is a bbred final object functor 
1^ j : B —)■ E. (Note fhaf fhen /’(!/) = /.) P is a comprehension category with unit (CCU), if 1^ ^ has a 
righf adjoin! {—} : E —)> B, fhe comprehension. This gives rise fo a functor : E —)> B^ info fhe arrow 
category over B, by mapping A i—)• P{£a) '■ {A} —)• P(A), where e: 1| j Id is fhe counif of 1^ j H {~}- 
We often denote by tia and call if fhe projection of A. Finally, P is said fo be a full CCU, if ^ is 

full. 


Note fhaf, in a dafa fype complete cafegory, we can define final objecfs in each fibre, fhe preservation 
of fhem needs fo be required separafely. 

Example 3.6. In Fam(Set), fhe final objecf functor is given by \j = (7, {l},g/), where 1 is fhe singleton 
sef. Comprehension is defined fo be {(/,X)} = and fhe projections 71/ map fhen an elemenf of 

Uiei Xi fo ifs componenf i G 7. 

Using comprehension, we can give a general accounf fo dependenf dafa fypes. 

Definition 3.7. We say that a fibration P : E —)> B is a data type closed category (DTCC), if it is a CCU, 
has a terminal object in B and is data type complete. 


As already mentioned, the purpose of introducing comprehension is that it allows us to use data 
types defined in E again as index. The terminal object in B is used to introduce data types without 


dependencies, like the natural numbers. Let us reiterate on Ex. 3.4 


Example 3.8. Recall that we assumed the existence of extended naturals N°° and the successor map 5oo 
on them to define partial streams. We are now in the position to define, in a data type closed category, 
everything from scratch as follows. 

Having defined + : P/ x Pi — )• Pi, see Thm. 3.2 we put N“ = v(Id, 1 + Id) and find the predecessor 
pred as the final dialgebra on N°°. The successor s^ arises as the coinductive extension (N“,K' 2 ) —)■ 
(N“,pred), where K 2 is the coproduct inclusion. Partial streams PStr : P{pj""} —P{i^“} are then given, as 
in Ex. 3.4 by the final (G,P)-dialgebra with G = {.^oo}*) and P = (In- o tTi, 712 )- □ 


4 Constructing Data Types 

In this section, we show how some data types can be constructed through polynomial functors, where I 
draw from the vast amount of work on polynomial functors that exists in the literature, see ||2l[T2l. The 
construction works by, first, reducing dialgebras to (co)algebras and, second, constructing the necessary 
initial algebras and final coalgebras as fixed points of polynomial functors analogously to the construc¬ 
tion of strictly positive types in Q. This result works thus far only for data types that, if at all, only 
use dependent coinductive types at the top-level. Nesting of dependent inductive and non-dependent 
coinductive types works, however, in full generality. 

Before we come to polynomial functors and their fixed points, we show that inductive and coinductive 
data types actually correspond to initial algebras and final coalgebras, respectively. 

Theorem 4.1. Let P : E — B a fibration with fibrewise coproducts and dependent sums. If {F, u) with 

P : P/ —)• P/i X ■ ■ ■ xVj^ is a signature, then there is an isomorphism 

DiAlg (P, G„) ^ Alg f ]J oPi +/•••+/ ]J oFn 

\ Hi Ufj 
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where Fj^ = k^oF is the kth component of F. In particular, existence of inductive data types and initial 
algebras coincide. Dually, ifP has fibrewise and dependent products, then 

DiAlg {Gu,F) ^ CoAlg ( n°^i X/ • • • X / 

In particular, existence of coinductive data types and final coalgebras coincide. 

Proof. The first result is given by a simple application of the adjunctions \Xk=\ between the (fibre- 
wise) coproduct and the diagonal, and H uf. 

FX^GuX (inP^, x---xPy„) 


iUu^FiX),...,Uu„iF,X)) KX (inPy) 

\Tk=iHu,m)^^ (inP/) 

That (di)algebra homomorphisms are preserved follows at once from naturality of the used Horn-set 
isomorphisms. The correspondence for coinductive types follows by duality. □ 

To be able to reuse existing work, we work in the following with the codomain fibration cod: B 

for a category B with pullbacks. Moreover, we assume that B is locally Cartesian closed, which is 
equivalent to say that cod : B^ —)> B is a closed comprehension category, that is, it is a full CCU with 
products and coproducts, and B has a final object, see ifTTl Thm 10.5.5]. Finally, we need disjoint 
coproducts in B, which gives us an equivalence B/z+y ~ B// x B/y, see iTF/l Prop. 1.5.4]. 

Definition 4.2. A dependent polynomial P indexed by I on variables indexed by J is given by a triple of 
morphisms 



If / = / = 1, / is said to be a (non-dependent) polynomial. The extension of P is given by the composite 

IP} = B/y A B/b ^ B/a ^ B/i, 

which we denote by [[/J if / is non-dependent. A functor F:B/y—>B//isa dependent polynomial 
functor, if there is a dependent polynomial P such that F = [Pj. 

Remark 4.3. Note that polynomials are called containers by Abbott et al. lEKD, and a polynomial P = 

I / I 

1 P —A —> 1 would be written as Ai>/. Container morphisms, however, are different from those of 
dependent polynomials, as the latter correspond strong natural transformations lfT2l Prop. 2.9], whereas 
the former are in exact correspondence with all natural transformations between extensions l|2l Thm. 
3.4]. 

Because of this relation, we will apply results for containers that do not involve morphisms to poly¬ 
nomials. In particular, ^ Prop. 4.1] gives us that we can construct final coalgebras for polynomial 
functors from initial algebras for polynomial functors. The former are called M-types and are denoted by 
Mf for / : A —)> P, whereas the latter are W-types and denoted by Wf. 
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Assumption 4.4. We assume that B is closed under the formation of W-types, thus is a Martin-Lof 
category in the terminology of |21- 

By the above remark, B then also has all M-types. 

Analogously to how ifTTl Thm. 12] extends ll20l Prop. 3.8], we extend here l|6l Thm 3.3]. As it was 
pointed out by one reviewer, this result is actually in O, the published version of @. 

Theorem 4.5. If B has finite limits, then every dependent polynomial functor has a final coalgebra in 

B/i. 

Proof Let P = l4-B^A^lhea dependent polynomial, we construct, analogously to ifTTIl the final 
coalgebra V of [P]] as an equaliser as in the following diagram, in which / x 7 is a shorthand for B x 

I Ax I and Myx/ is the carrier of the final \f x /]]-coalgebra. 

V -^ Mf Mfy,I 

-^ 

U2 

Firsf, we give ui and U 2 , whose definitions are summarised in the following diagrams. 


Mf -^ M/x/ 


imMf) 


I/x/ 


PMf 

I (My) 


[/X 


«/x 


"^[/x/KMyx/) 


U2 



^fxl 


[/x/l(Myx/) 


^fxl 


^AxiK 

nr [/X/1(<|>) . jf. . 

\f X /J (Myx/ X B) -> [/ X Ij (Mfxl) 


These diagrams shall indicate that ui is given as coinductive extensions and y/ as one-step definition 
(which can be defined using coproducts), using that Myx/ is a final coalgebra. The maps involved in 
the diagram are given as follows, which we sometimes spell out in the internal language of cod, see for 
example d, as this is sometimes more readable. 

• p-.LAUf LAxiPlfxi is the natural transformation that maps (a,v) to {a,t{a),v). It is given by 
the extension [a, j3]]:[/]] ^ [[/ X 1} of the morphism of polynomials ifT^ 

B - - -> A 

P —^ a 

fxl 

Bxl — - >AxI 


where a = (id,t) and j3 = (id, to/). 

• The map K : UfxfiMfxi) UfxfiMfxi x B) is given as transpose of {EMf,,„nion) : (/ x /)*(nyx/(Myx/)) 
Myx/ X B, where e is the counit of the product (evaluation) and Tt is the context projection. In the 
internal language K is given hy Kv = X{bfi).{v {b,i),b). 
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(j) : Mfxi X B —)• Mfxi is constructed as coinductive extension as in the following diagram 


3^/x/ X B - 

^fxi X id 

lfxlUMfxi)xB 




fy^i 


?/x 


[/ X 71 {Mfxi X B) [/ X 71 {Mfxi) 


Here e is given by e{{a,i,v),b) = {a,sb,X{b',sb).{v {b',i),b')). 

The important property, which allows us to prove that ^f : Mf —)• [[/I {Mf) restricts to : T —)• [Pi (T) 
and that is a final coalgebra, is that x : V,- <;=> ^fx = {a :A,v : HfMf), ta = i and {'ib : B.fb = a => 
vb : Vsb)- The direction from left to right is given by simple a calculation, whereas the other direction 
can be proved by establishing a hi simulation and between uix and U 2 X. 

Hence V, given as a subobject of Mf, is indeed the final [Pi-coalgebra in B/z. □ 


Combining this with 111 Prop. 4.1], we have that the existence of final coalgebras for dependent 
polynomial functors follows from the existence of initial algebras of (non-dependent) polynomial func¬ 
tors. This gives us the possibility of interpreting non-nested fixed points in any Martin-Lof category as 
follows. 

First, we observe that the equivalence B//+7 ~ B/z x B/j allows us to rewrite the functors from 
Thm. |4.l|to a form that is closer to polynomial functors: 


]JoPi+/ +/]JoP„^]Jp' 

Ml Ufj U 


Un U 


where J = J\-\ - \-J„, n : 7 —7 is given by the cotupling [mi ,..., and P':B/z—s-B/iis given by 

P' = (Pi,... ,F„) : B/z —ITLi — '^/j- Thus, if we establish that F' is a polynomial functor, we get 
that W^F' and n»P' are polynomial functors, see |T]. For non-nested fixed points, that is, F^ is either a 
constant functor, given by composition or reindexing, this is immediate, as dependent polynomials can 
be composed and are closed under constant functors and reindexing, see lfT2l . 

We say that a dependent polynomial is parametric, if it is of the following form. 


K + I ^— B ^ > A —^ 7 


Such polynomials represent polynomial functors B/zzxB/z—s-B/z and allow us speak about nested fixed 
points just as we have done in Sec. What thus remains is that fixed points of parametric dependent 
polynomial functors, in the sense of Sec.|^ are again dependent polynomial functors. 

The proof of this is literally the same as that for containers HI Sec. 5.3-5.5] or non-dependent poly¬ 
nomials ifm . except that we need to check some extra conditions regarding the indexing. 

Theorem 4.6. Initial algebras and final coalgebras of parametric, dependent polynomial functors are 
again dependent polynomial functors. 
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Proof. Let 

F = J ^ — B——'-^1 

be dependent polynomials and H{X,Y) = [Fj X/ [Gj be the parametric dependent polynomial functor in 
question. Assuming that there is a polynomial 

J Q —^ P I 

so that for K = UyllH X* we have K(X) = H(X,K(X)), we can calculate, as in |T|, that we need to have 
isomorphisms 


y/:Axjl[GUP)=P 

(p:B + lJe*Q^yr*(Q} 

8 


where B + IJg£* Q is, as in loc. cit., is an abbreviation for Ba + Q{rd) in the context {a, (c,r)) : 
A X / [[G]](F). If K{X) shall be an initial algebra, Y must an initial algebra as well, whereas if K{X) 
shall be a final coalgebra, t/r must be one. The isomorphism (p is given as the initial (vr^^)*(B + 
algebra in both cases, see |T]. This we use to define x : Q ^ J as fhe inductive exfension of fhe map 
[ 5 , 712 ] : + Given fhese definitions, fhe following diagrams commufe. 


Ax/[G1(P) 





This gives us fhaf fhe isomorphism given in fhe proofs of HI Prop. 5.3.1, Prop. 5.4.2] also work for fhe 
dependenf polynomial case. The resf of fhe proofs in loc. cif. go fhen fhrough, as well. Thus K is in bofh 
cases again given by a dependenf polynomial. □ 


Summing up, we are lefl wifh fhe following resulf. 

Corollary 4.7. All data types for strictly positive signatures can be constructed in any Martin-Lof cate¬ 
gory. 

Lef us see, by means of an example, how fhe consfrucfion in fhe proof of Thm. |4.5[ works infuifively. 
Example 4.8. Recall from Ex. |3.4| fhaf parfial sfreams are given by fhe declarafion 

codata PStr (A : Set) : N°° —)> Set where 

hd : (n : N“) ^ PStr {So. n) ^ A 
tl : (n : N“) ^ PStr {So. n) ^ PStr n 


By Thm. 4.1 we can construct PStr as the final coalgebra of F : B/i x B 

~ B/ 1+N‘ 


n.v. !*A X n.,. X. Note that F is isomorphic to B/i x B 
mial 

id 


m. 


P = l + N“ 


2x: 




N“ 





^B/n” withF(A,A) = 
B/n°°, where P is the polyno- 

f{i,k) = Scok. 
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If we now fix an object A G B/i, then F(A, —) = [P']] for the polynomial P' given by 


P' = ^ !*A 4 !*A 4 N“, 

N°° Soo Soo N°° ioo 

where n is the projection on the index of a dependent sum and f'{n, {soon,v)) = {soon,v). 


Recall that we construct in Thm. 4.5 the final coalgebra of [P']] as a subobject of Mf. Below, we 
present three trees that are elements of Mf, where only the second and third are actually selected by the 


equaliser taken in Thm. 4.5 





3 



(3’ 

«o) 


^(3, 

bo) 

( 00 , 

( 2 , 3 ,ao) 



(2,3M) 


(00,CO,Co) 

(oo, 

a\) 

2 ? 


b\) 

( 00 , 

(00,00, 



(l, 2 .fo,) 


(oo^co^d) 

(15 

ai) 

1 ^ 

4 (1, 

bi) 

( 00 , 

(14,15,02) 



(0,1,i>2) 


{00^00,C2) 



0 ^ 

-^(0, 




Here we denote a pair (k,v) : with k = Soon and vn = aby {k,a), or if k = 0 by (0,±). 

Moreover, we indicate the matching of indices in the second tree, which is used to form the equaliser. 
Note that the second tree is an element of PStr(A) 3, whereas the third is in PStr(A) oo. □ 


5 Conclusion and Future Work 


We have seen how dependent inductive and coinductive types with type constructors, in the style of 
Agda, can be given semantics in terms of data type closed categories (DTCC), with the restriction that 
destructors of coinductive types are not allowed to refer to each other. This situation is summed up in the 
following table. 


Condition 

Cloven fibration 

Data type completeness 


Data type closedness 


U se/Implications 

Definition of signatures and data types 

Construction of types indexed by objects in base (e.g., vectors for 
N G B) and types agnostic of indices (e.g., initial and final objects, 
sums and products) 

Constructed types as index; Full interpretation of data types 


Moreover, we have shown that a large part of these data types can be constructed as fixed points of 
polynomial functors. 

Let us finish by discussing directions for future work. First, a full interpretation of syntactic data 
types has also still to be carried out. Here one has to be careful with type equality, which is usually 
dealt with using split fibrations and a Beck-Chevalley condition. The latter can be defined generally for 
the data types of this work, in needs to be checked, however, whether this condition is sufficient for 
giving a sound interpretation. Finally, the idea of using dialgebras has found its way into the syntax of 
higher inductive types Q, though in that work the used format of dialgebras is likely to be too liberal to 
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guarantee the existence of semantics. The reason is that the shape of dialgebras used in the present work 
ensures that we can construct data types from (co)coalgebras, whereas this is not the case in fj]. Thus it 
is to be investigated what the right notion of dialgebras is for capturing higher (co)inductive types, such 
that their semantics in terms of trees can always be constructed. 
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